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Abstract 



We consider the linear integro-differential operator L denned by 

Lu{x) = i {u{x + y)-u(x)-t^ 2] {a)t { \ y \<2}{y)y-^u{x))k{x,y)dy. 
it™ 

Here the kernel k(x,y) behaves like \y\~ d ~ a , a G (0,2), for small y and is 
Holder-continuous in the first variable, precise definitions are given below. The 
aim of this work is twofold. On one hand, we study the unique solvability of 
the Cauchy problem corresponding to L. On the other hand, we study the 
martingale problem for L. The analytic results obtained for the deterministic 
parabolic equation guarantee that the martingale problem is well-posed. Our 
strategy follows the classical path of Stroock-Varadhan. The assumptions allow 
for cases that have not been dealt with so far. 
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1 Introduction 



A linear operator A: Cq(M. u ) — > C(R n ) is said to satisfy the global maximum principle 
if Au(x*) < for all x* G {x G R n ;u(x) > u(y) Vy G R n }. It is well-known that 
infinitesimal generators of strongly continuous contraction semi-groups on C (IR n ) 
generating Markov processes satisfy the global maximum principle. Surprisingly, 
the global maximum principle implies already a certain structure of A, see [Cou66j. 
More precisely, A is the sum of a possibly degenerate elliptic diffusion operator 
with bounded coefficients, a drift and a jump part which we call L. Since L alone 
generates pure jump processes which generalize Levy processes it is sometimes called 
a Levy- type operator, see j.TS01|. }Bas04| . j.TacOBj and [Kas06j for surveys. 

It is the aim of this work to study important properties of the operator L which is 
defined by 



Lu(x) = I (u(x + y) -u(x) - t B2 (y)y ■ Vu(x)) k(x,y) dy (1.1) 
if 1 < a < 2 and 

Lu(x) = I (u(x + y) — u{x)) k(x,y) dy (1.2) 



if < a < 1. Here k: R n x (W 1 \ {0}) — > (0, oo) is Holder continuous of order 
t G (0, 1) in x G M. n , measurable in y G M. n \ {0} and can be decomposed as 
k = k\ + k 2 such that ki(x, y) = for \y\ > 2, k\ is (n + l)-times differentiable in y, 
and the following estimates are satisfied: 

< C\y\- n - a -W, 0<\y\< 2, (1.3) 
h(x, y) > c\y\- n ~ a , < \y\ < 1, x G M n , (1.4) 

||Afc(.,2/)lk(R») < C\y\- n - a \ < \y\ < 1, (1.5) 

\\k 2 (-,y)\\c-(R") dy < oo, (1.6) 

|y|>i 

lim ||fc 2 (-,2/)||c-(R») = (1.7) 

|y|-»°o 

for all (3 G Nq with < := + 1, where < a' < a < 2. There are many 
examples satisfying these assumptions, see the discussion below. A model case is 
given by k(x,y) = c\y\~ n ~ a ,y ^ 0, which leads to L = — (— A) Q / 2 . 

Our main result concerning the Cauchy-Problem for L is given by the following 
theorem. In the following C S (R"), s > 0, denotes the Holder-Zygmund space and 

Q{R n ) = qj°(R n ) • For 

a precise definition of the function spaces we refer to 

Section 12.11 below. 
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Theorem 1.1 Let k satisfy ( ti.,^) -/ TOj) . let L be defined as in M.l\) . and let T > 0, 

< s < t, < 9 < 1. Then for every f E C ([O,T];C s o (R n )) with f(0) = there is 
a unique u E C x > e ([0, T]; Q(R n )) n C e ([0, T]; C S+Q (R™)) sofotns 

6> t u -Lu = f in (0, T) x R n , (1.8) 
u(0,-) = mR n . (1.9) 

// / is non-negative, then u is non-negative as well. 

The latter theorem will be a direct consequence of the fact that L generates an 
analytic semi-group on Cg(R n ) with < s < r. In order to prove this we will 
construct an approximate resolvent to L using pseudodifferential operators with non- 
smooth symbols. 

Let us state the martingale problem. By T>([0, oo); M n ) we denote the space of all 
cadlag paths. We refer the reader to Section 121 below for a precise definition and a 
short discussion of ^([O, oo); R"). A probability measure P M on T>([0, oo); R n ) is said 
to be a solution to the martingale problem for (L, D(L)) with domain D(L) being 
contained in the set of bounded functions /: R n — >• R, L defined as in (II. lj) and /i a 
probability measure on R n if, for any <fi E D(L) 

t 

(V(n t ) - 0(n o ) - J (L<t>)(n s ) ds)^ 



is a P M -martingale with respect to the filtration (a(H s ; s < t)j >Q and P M (n = //) = 
1. Here II is the usual coordinate process, i.e., IT: [0, oo) x P([0, oo); R n ) — > R n , 
Ht(uj) = uj{t). If for every \i there is a unique solution P M of the martingale problem, 
we say that the martingale problem for (L, D(L)) is well-posed. 

Our main result concerning the martingale problem reads as follows. 

Theorem 1.2 Let L be defined as above. Then the martingale problem for (L,C~(R n )) 
is well-posed. 

Studying the existence of pure jump processes, i.e., processes without a diffusion 
component, together with their properties is a field of still increasing interest. We 
list some references dealing with the martingale problem for non-local operators such 
as L. In the case k(x, y) = k(y) with k as in (jl.lj) L is a generator of a Levy jump 
process, i.e., a jump process with independent stationary increments. There are 
different and more elegant approaches than the martingale problem to the existence 
of a corresponding process, see [Ber96j, [Sat99j. 
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1 INTRODUCTION 



The martingale problem for an operator of the form A+L where A is a non-degenerate 
elliptic operator and L is an operator of our type has been studied first in [Kom73j, 
|Str75| . |LM76| . Since A is a second order operator L is a lower order perturbation 
of A for many questions. [Kom84aj, |Kom84b] seem to be the first articles treating 
the martingale problem for pure jump processes generated^ by operators like L. The 
main assumptions are that k(x,y) is a perturbation of k(x,y) = \y\~ d ~ a , y ^ 0, 
together with quite strong regularity assumptions. More general results have been 
obtained in |NT89j using techniques from partial differential equations. In the latter 
article k(x, y) is assumed to be twice continuously differentiable in the first variable. 

Strong results on the well-posedness have been obtained in [MP92aJ, [MP92bJ, [MP93J. 
The authors use a setup similar to the one of the so called Calderon-Zygmund ap- 
proach in the theory of partial differential equations. In |MP92a| . |MP92b| k(x, y) is 
assumed to be only continuous in the first variable but some additional homogeneity 
is assumed in the second variable. To add a personal comment, these results have 
been underestimated in the literature from our point of view. This is maybe due to 
the fact that the journal is not available easily and that the articles are written in a 
somewhat dense style. 

Using pseudodifferential operators and anisotropic Sobolev spaces built with con- 
tinuous negative definite functions [Hoh94j proves well-posedness of the martingale 
problem under assumptions like x i— > k(x,y) £ C 3n (R n ) but allowing for a more 
general dependence of k(x, y) on y. Moreover, the extension of L to a generator of a 
Feller semi-group is discussed. See [BLR99J for similar techniques in infinite dimen- 
sions and |OvC96j for related questions. In the setting of |Hoh94j a parametrix for 
the pseudodifferential operator is constructed in |Bot05] . These results do not apply 
to our setting since we assume only Holder regularity of the mapping x i— > k(x, y). 

The results of |NT89j . |MP92aj . |MP92bj . |Hoh94j and the ones in the present work 
do not imply one another but have a large region of intersection. The assumptions 
on the x- dependence of k(x,y) in [NT89J, [Hoh94j, [MPQH] are more restrictive but 
the assumptions on the y-dependence are partly weaker than ours. The situation is 
reversed when comparing our results to [MP92aJ, [MP92bJ. Our techniques solving 
the Cauchy problem are different from |NT89j . |Hoh94j and |MP92aj . 

The authors of |EIK 04!| prove solvability of the Cauchy problem for a time dependent 
pseudodifferential operator L(t) = p(t, x, D x ) where the principal part of the symbol 
p(t, x, £) is homogeneous in £ of degree a £ [1,2] and uniformly Holder continuous 
in (t, x). Their results do not apply to the uniqueness for solutions of the martingale 
problem since sufficient regularity of solutions to the Cauchy problem is not provided. 

In the above list we do not mention results concerning what is sometimes called 



5 



"stable-like" cases, i.e. when k(x,y) ss \y\~ d ~ a ^ x ' i y ^ o. Well-posedness of the 
martingale problem is proved in one spatial dimension in [Bas88j when ct(-) is Dim- 
continuous. Uniqueness problems for stochastic differential equations in similar situ- 
ations but including higher dimensions and also diffusion coefficients are considered 
in |Tsu92| . The techniques of [Bas88j can be extended to higher dimensions and 
to a larger class of problems, see the forthcoming PhD-thesis [Hual)6| . See [JL93J. 
|KN97| for results on the question when the linear operators of type L extend to gen- 
erators of Feller processes in the case when the ^-singularity of k(x, y) is of variable 
order. |Hohflfl| provides such a result together with well-posedness of the martingale 
problem when x i— >■ a(x) is smooth where a(x) is the order of differentiability of L. 

One scope of this contribution is to present an application of the theory of pseu- 
dodifferential operators with non-smooth coefficients to jump processes. We hope to 
draw the attention of probabilists to this method. 



2 The Cauchy problem for Levy-type Operators 
2.1 Preliminaries and Notation 

The characteristic function of a set A is denoted by 1a- Furthermore, we define 
(f) : = (1 + |£| 2 )! for f E M n . Moreover, we define Ej := {zGC \ {0} : | &igz\ < 6} 
for < S < 7r. 

As usual, C^°(M n ) denotes the set of all smooth and compactly supported functions 
/: M. n — > R, iS(IR n ) denotes the space of all smooth and rapidely decreasing functions, 
and S'(R n ) = (<S(R n ))' the space of tempered distributions. C k (R n ), k E N, shall be 
the usual Banach space of continuous functions with bounded continuous derivatives 
up to order k. By Cq (W 1 ) we denote the closure of QJ°(IR n ) with respect to the norm 
of C k (R n ). C S (M;X), where s G (0,1), M C ]R n , M closed, and X is a Banach 
space, is the space of uniformly bounded Holder continuous functions f : M —> X 
of order s with uniformly bounded Holder constant. Moreover, C S (M) = C S (M;M) 
and / e C M ([0,T];X) iff /: [0,T] -> X is continuously differentiable and j-J E 
C s ([0,T];X). Finally, if/: R n -> R, we define (r h f)(x) = f(x + h), x,hE M n , and 



For functions / E S(R n ) the Fourier transform T and its inverse T 1 are defined via 



A h f = r h f - f. 
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where <f£ = (2n) n d£ s . When there is ambiguity we use subscripts to indicate the 
variables with respect to which the Fourier transform is taken, i.e., T{f) would 
be written as F x ^(f)- Finally, T : S'(R n ) -> S'(R n ) is defined by duality and 
D x . := \d Xj , j — 1, . . . , n, where d Xj is the usual partial derivative. D x denotes the 
vector (D Xl , . . . , D Xn ). 

We use a dyadic partition of unity fj G C^°(R n ), j G No, which satisfies supp ipo C 
B 2 (Q) and supp^ C {2 j ^ < |f| < 2 j+1 } for j G N. Then the Holder-Zygmund 
space C s (R n ), s > 0, consists of all / G S'(R n ) satisfying 

||/|| c . = sup{2 ks \\MD x )f\\ L °° '■ k G N } < oo, 

where 

MD x )f = f- 1 [<p k (CMf)(0] ■ 

Note that C S (M") = S^ OOCJ (R n ), where S^(M n ), s G E 3 1 < p, q < oo, denotes the 
usual Besov space. Moreover, it is well-known that C s (M n ) = C s (M n ) for s G R + \ N, 
cf. |Tay9H Appendix A] or Triebel |Tri78[ Section 2.7]. 

The closure of C °°(R n ) in C s {R n ) is denoted by C s (M n ). We will use the following 
sufficient criterion for a function to belong to C^M 71 ): 

Proposition 2.1 Let < s < s' < 1. Then every f G C s '(R n ) satisfying 

lim ||/|| c -(R"\Bfl(o)) = (2- 1 ) 

H — >-oo 

belongs to C°{R n ). 

Proof: Let ip e (x) = e' n (p(e~ 1 x), <p G C™(M. n ) with j cp(x)dx = 1, be a standard 
mollifier. Then tp £ * f ^ £ ^ f in C s (R n ) since / G C s '(M n ). Moreover, (JHJ implies 
that each tp e * f can be approximated by smooth, compactly supported functions up 
to an arbitrarily small error in C s (M n ). This proves the proposition. ■ 



2.2 Pseudodifferential Operators with Non-Smooth Symbols 

In the following, the principal part of the Levy-type operator will be represented as 
pseudodifferential operator with a symbol of the following kind: 

Definition 2.2 Let n,n' e N, N e N , m Gl, and let r G (0, 1). Then a function 
p: R n ' xl"^C belongs to C T S™ . N (R n ' ;R n ) ifp(x,£) is Holder continuous w.r.t. 
x G R n ' , N -times continuously differ entiable w.r.t. £ G IR n and satisfies 

\\d^ P (.,0\\cr {m <C(O a - m (2.2) 



2.2 Pseudo differential Operators with Non-Smooth Symbols 
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uniformly in £ G R n and for all \/3\ < N. Moreover, let 

\\p\\ C r Sro . N := sup (0- a+l V^(.,0\\c^). 

feffi n ,|/9|<iv 

Remark 2.3 Note that f| C T S™ . N (W n ; R n ) coincides with the classical symbol 

t>0,7VgN ' ' 

class S'] n (M' 1 ; R n ) as defined in |Kg81|. A first treatment of pseudodifferential sym- 
bols which are merely Holder continuous in the space variable x and the associated 
operators was done by Kumano-Go and Nagase |KGN78| . Further results and many 
references can be found in the monographs by Taylor |Tay91 Tay00| . 



For a = a(x, y, £) G C T S™ . N (R n x M. n ; M. n ) we define the associated pseudodifferential 
operator in (x,y)-form (formally) by 

a(x,D x ,x)f:= [ [ e^Mx,y,Of(y)dyd^. (2.3) 
Jm. n Jr u 

So far, it is not clear whether a(x, D x , x)f in (|2.3II is well-defined even for / G 
C^iW 1 ). This will be clarified later in each particular situation we have to deal 
with. 

Remark 2.4 In order to underline the connection between the operator a(x, D x ,x) 
and the corresponding symbol a(x, y,£) we write a(x, £, y) instead of a(x, y,£) in the 
sequel. 



In the special case that a(x,£,y) = p(x,£), p G S^ . N {R n ;R n ), and / G S(R n ), the 
operator in ()2.3|) is well-defined as iterated integrals and coincides with 



p(x,D x )f= [ e l *<p(x,Om)d^ 



which is a pseudodifferential operator in x-form. The adjoints of x-form pseudodif- 
ferential operators are the pseudodifferential operators in y-fovm, which corresponds 
to the case a(x, £, y) = p(y,£), p G S , ™ 0;Ar (]R n ; M n ), and is (formally) given by 



p(D x ,x)f := T~ 



- lv< p(y,t)f(y)dy 



If / G iS(M n ), the inner integral defines is a bounded continuous function in £ G M. n 
and p(D x , x) is a well-defined operator p(D x , x) : S{R n ) — > <S'(M n ). 

Remark 2.5 Working with non-smooth symbols it is important to distinguish be- 
tween pseudodifferential operators in x-form and in y-fovm since the mapping proper- 
ties are different, cf. Theorem 12 . 61 below . The principal part of the operator L will be 
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a pseudodifferential operator in x-form; but it is important to take the approximate 
resolvent Q\ = q\(D x , x) ~ (A — L)^ 1 as an operator in y-form, not in x-fovm. Other- 
wise the mapping properties of Q x would not fit to (A - L) -1 : C s (R n ) -> C s+a (M n ) 
for < s < r. This technique was already successfully applied to the resolvent 
equation of the Stokes operator in suitable domains with non-smooth boundary, cf. 
|Abe05cl IAhe05a,j . An alternative way for a parametrix construction is described 
in |Ahe05h[ Section 6], where the operator is first reduced to a zero order oper- 
ator and then the parametrix is constructed in x-form. The latter article deals 
with pseudodifferential boundary value problems; but the construction also applies 
to pseudodifferential equations on R n . 

Mapping properties of pseudodifferential operators with non-smooth coefficients have 
been studied by several authors starting with the pioneering work of Kumano-Go and 
Nagase [K GN78j . cf. Taylor |Tay91t |TayOO| and the references given there. For our 
purposes we will use the following theorem, which is a consequence of the results by 
Marschall |Mar87j . 

Theorem 2.6 Let N > \, r E (0, 1), and let p E C T S™ . N (R n ] R n ). Then 

p(x, D x ) : C s+m (R n ) -> C s {W n ) ifO<s<T,s + m>0 (2.4) 

and 

p(D x ,x): C s +m (R n ) ^C s (W l ) if s> 0,0 < s + m < r (2.5) 

are bounded operators. Moreover, the operator norms can be estimated by C||p||c" r sj n . JV 
where C is independent of p E C T S^ . N (R n ; R n ). 

Remark 2.7 Note that for an operator p(x, D x ) in x-form the order of the range 
space C s is limited by the smoothness of the symbol in x. For the corresponding 
operator in y-form, p(D x ,x), the order of the domain Cq + ™ is limited by r. 

Proof of TheoremEIH First of all, we note that the symbol class C T S^ . N (R n ; W 1 ) 
coincides with the symbol class S™ (t,N) defined in |Mar87j . Moreover, if / E 
S{R n ), then p(x,D x )f defined as above coincides with the definition in |Mar87] as 
a limit of operators obtained from a symbol decomposition, cf. proof of [Mar87, 
Proposition 2.4]. Hence |Mar87[ Proposition 2.4] implies that 

\\p(x,D x )f\\ Cs(Mn) < C||/||c<+w(k») 
for / E S(M. n ) provided that < s < t and s + m > 0. 

By our definition of p(D x , x) : S{R n ) -> S'(R n ) 

(p(D x ,x)f,g)= [ [ e^p(y,Of(y)dyg(-OdC= [ f(x)q(x, D x )g dx 



2.2 Pseudo differential Operators with Non-Smooth Symbols 
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for all f,g e S{R n ) with g(x,£) = p{x,-£). Because of |Mar871 Proposition 4.3], 
q(x, D x )* : C s+m (R n ) -> C s {R n ) provided that < s + m < r and s > 0. 

Finally, it is easy to observe that all estimates done in the proof of |Mar87| Proposi- 
tion 4.3] are uniform for all p G C T S™ . N (R n ; R n ) with ||p||c^S™ . N < 1, which is noth- 
ing but the boundedness of the linear mapping from the symbol space C T S™ . N (R n ; R n ) 
into the corresponding space of linear operators. ■ 

The next important ingredient are kernel estimates of the Schwartz kernel associated 
to a pseudodifferential operator. We follow the presentation given in (Ste93t Chapter 
6, Paragraph 4]. Given a G C T S™ . N (R n x R n ; R n ) we define for j G M 

kj(x,y,z) := F£ z [aj(x, .,y)\, aj(x,£,y) := a(x, £, y)ifj(Q, 
where <fj is the Dyadic partition of unity introduced above. 

First of all, we have 

Lemma 2.8 Let a G C T S™ . N (R n x R n ), m G R, N G N , r G (0,1), and let 
kj(x,y,z) be defined as above. Then 

||^%(.,.^)|| c . {M n xRn) < C a>M \\a\\ C r S ^ ; Jz\- M 2^+ m ~ M +^ (2.6) 

for all a G Nq, M = 0, . . . , N, where C a ^M does not depend on j G No o,nd a G 
C T S™ . N (R n x ]R n ;R n ). 

Proof: We start with 

ziD«kj(x,z) = [ r^lKCaM-'l-OA 

for all a, 7 G Nq. We estimate the integral on the right hand side from above. Firstly, 
the integrand is supported in the ball {|£| < 2 J+1 }, which has volume bounded by a 
multiple of 2 n K Secondly, since the support is also limited by the condition 2 J_1 < |£| 
(when j ^ 0) and d2? < (£) < C2? on {V" 1 <\£\< 2 i+1 }, 

\E%[e* aj {x,y,Z)]\ < C a Ja\\c^s- ^ im+lal - hl) 

due to the symbol estimates of £ a aj(x, y, G C T S™$ l (R n x M n ;M n ). Hence 

\z^D a z k 3 {x,y,z)\ < C a Ja\\ C r S ^ N 2^ n+m+ ^- M \ whenever | 7 | = M. 

Taking the supremum over all 7 with | 7 | = M, gives (|2.6I) with C T (IR n x R n ) replaced 
by C°(IR n x R n ). In order to get the same for C T (R n x R n ) one simply replaces all 
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terms above by suitable differences. 



Using the latter lemma, we are able to prove the following kernel estimate: 

Theorem 2.9 Let a G C T S™ . N (R n x R n ; R n ), r G (0,1), m > -n, and N G N such 
that N > n + m and let kj be defined as above. Then for every x,y, z G M n , z ^ 0, 

oo 

k(x,y,z) := ^2kj(x,y,z) 

3=0 



exists, converges uniformly in x,y G M. n , \z\ > e > 0, and satisfies 
\\d%k(., ., ^)||c T (R™xK n ) < 



C a \\a\\ C TS™Jz\- n - m - H for\z\ < 1 
CJ|dlc T S m \z\~ N for \z\ > 1 

"II 1 1 ^ °1,0;N 11 J \ \ — 



uniformly in z ^ for all a G No with \a\ < N — n — m, where C is independent of 
a G C r SJ n . jV (R n x 



Proof: First we consider the case when < \z\ < 1. We brake the above sum 
into two parts: the first where 2 J < |;z| _1 , the second where 2 J > In order to 

estimate the first sum we use (12.61) with M = 0: 



£ ||^(.,.,z)||^(R»xR-)<C'||0||0r^ w £ 2^ + H), 

where 

2i(™+ m +H) = 0{\z\~ n ~ m ~\ a \) 

23<\z\- 1 

since n + m + \a\ > 0. 

Next, for the second sum, we use again (|2.6I) with M = N and get the estimate 

R a %(.,2)||^( R «xR») < OJaH^J^ ^ ^(n+m+lal-M) 
2J>| 2 |- 1 2^>|z|- 1 

^ C' 1 1 CI 1 1 (7t cm I Z I 

— all no Ji.o ; ]vl I 



-72 — 171 — OL 



Finally, we consider the situation \z\ > 1. Since N > n + m + \a\, ()2.6|) shows that 



oo 



ll^fcj(-,-z)llc-(R»xR») < C a |z| ^IMIc-s™^^ 2 ^ 
j=0 i=o 

< C 'a\\ a \\c-S^ , N \ Z \~ N - 



2.2 Pseudo differential Operators with Non-Smooth Symbols 
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Hence the proof is complete. 



The following corollary shows that ()2.4|) can be improved to p(x, D x ) : CQ +m (R n ) — > 
Co(M n ) under the same assumptions. 

Corollary 2.10 Let N > n + m, t G (0,1), let p G C T S™ . N (R n ; R n ), and let 
f G C °°(R n ). Then p(x,D x )f G Q(R n ) for all < s < r with s + m > and 
p(D x , x)f G Cg(IR n ) provided that < s + m < r and s > 0. 

Proof: For simplicity we only treat the case of the operator in x-form. The other 
case is treated in the same way. 

Fix < s < t with s + m > and choose s' G (s, r). Then p(x, D x )f G C s '(M n ) due 
to Theorem 12.61 Hence, using Proposition 12. 1[ it is sufficient to show (|2.1|) . Because 
of Theorem 12.91 with a(x,£,y) = p(x, £ ) , 



Recall that, if a G 5'™ (M n x R n ; R n ) is a smooth symbol, then by the results of the 
classical theory of pseudodifferential operators 

a(x,D x ,x) = p(x,D x ) , 

where p G S^ (R n x R n ; R n ) and 

p(x,£) = a(x,£,x) + r(x,g) , 

with r G S™ \R n ; R n ), see [Kg8l| Chapter 2, Section 3]. In the case a G C T S™ . N (R n x 
R n ; M n ), < r < m, the following result can be applied to 



Proposition 2.11 Let r G C T S™ . N (R n x M n ;M n ) ; wAere t 6 (0,1), < m < r, 
and N = n + 1. Moreover, we assume that r(x, £, x) = 0. Then 





for all x G" supp /. 



Using the kernel estimate stated in Theorem 12.91 one easily verifies (12. 1J) . 



r(x, f , y) = a(x, £, y) - a(x, f , x) . 



■DO 




j=0 
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converges absolutely in C(C s (R n )) for each < s < r — m and satisfies 

||r(x,D x .,x)|| £( q ( iRn)) < C\\r\\ C T S ™ 0]N , (2.7) 

where C does not depend on r E C T S™ . N (M. n x M n ; M. n ). Moreover, r(x, D x , x) maps 
Q(R n ) into itself. 

Proof: First we denote 

M 

r M (x, D x , x)f := ^ r j( x ' As, x )f- 

3=0 

Using that 

rj {x,D x ,x)= / k j {x,y,x-y)f{y)dy, feS(U n ), 

we have 

r M (x,D x ,x)= [ k M (x,y,x-y)f(y)dy, feS(R n ), 



with k M (x,y,z) := J2jLo kj( x i Vi z )- Note that k M (x,x,z) = kj(x,x,z) = since 
r(x,£,x) = 0. By the proof of Theorem 12.91 it is obvious that 

mm/ jC\\r\\ C TS™ 0N \z\~ n ~ m ifM<l 

\\k {.,z) c"-(k«xR«) < S n | ,_ n _i ., | -. 

\C\\r\\cTS TfiiN \z\ if \z\ > 1, 

uniformly in z ^ and MsN. But this implies 

\k M (x,y,x - y)\ = \k M (x, y, x - y) - k M (x, x, x - y)\ 

< C\\r\\ CTS - Jx-y\- n - m+T {l + \x-y\r-\ (2.8) 

Hence Lebesgue's theorem on dominated convergence implies that 

M-»oo J Rn 

exists for every i6l" and / G L°°(M. n ). Moreover, since ()2.8|) holds for k(x, y, x — y) 
as well, we conclude 

\\r(x,D x ,x)\\c(u°QL«)) < C|kllc-5- ;JV - (2.9) 
In order to prove (|2.7|) . we use the relation 

A h r(x, D x , x)f = r(x, D x , x)(A h f) + / k h (x, y,x- y)f(y + h) dy, 



2.3 Application to the Resolvent Equations 
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where (A h f)(x) = f(x + h) - f(x), h G R n , and 

kh{x, y, z) = k(x + h,y + h, z) — k(x, y, z). 

Moreover, kh(x,y,z) is the kernel belonging to rh(x, D x , x) with rh(x,y,£) = r(x + 
h,£,y + h) — r(x, £, y) and it is easy to prove that 

IKIIc*-' s™ . N < C\h\ s \\r h \\cT S ™ 0:N 

uniformly in h G M n for each < s < r. Hence using (|2.9I) for r and r^, we conclude 
that 

\\A h r(x,D x ,x)f\\ L ™ < C\\r\\ c -rs™ . N \\A h f\\ L ™ + C||r & ||or-.^». w ||/||L» 

< C|| r l|c-S™ ;JV ||/||c a (R")|^| S 

for < s < r — m. This finishes the proof of (12.71) . The last statement is proved in 
the same way as in Corollaxv l2.1()l ■ 



2.3 Application to the Resolvent Equations 

In this section we construct an approximate resolvent Q\ to a Levy-type operator 
L as introduced in (ll.ll) . (|1.2l) . Here Q\ = q\(D x ,x) is a pseudodifferential operator 
obtained by inverting the symbol of the principal part of A — L. 

More precisely, because of the assumption on the kernel, we have a decomposition 

Lu(x) = L x u(x) + L 2 u{x), u G S(R n ), 

where V denotes the same kind of operator with kernel W , j = 1,2. Here L l can be 
considered as principle part and L 2 is of lower order in the following sense: 

Lemma 2.12 Let L 2 be as above. Then L 2 extends to a bounded operator L 2 : Cq +di (M 
C^iW 1 ) for any a" > a' and < s < r provided that s + a" > 1 if a > 1. 

Proof: First of all, if u G C s ' {R n ) and 1 < s' < 2, then 

\u(x + y)-u(x)-y-\7u(x)\<C\\u\\ C s> (Rn) \y\ s \ \y\ < 1. (2.10) 

First we assume that 1 < a' < a < 2. Then ()2.10j) with s' = a" yields 
II r2 ii 

< CI sup \y\ n+a '\k 2 (x,y)\+ / \\k 2 (.,y)\\oody ) \\u\\ ca » {Rn) (2.11) 
\xGR n ,|j/|<i J\y\>i ) 
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with a constant C independent of k 2 . Moreover, 

A h {L 2 u) = L 2 (A h u) + L 2 (t h u), (2.12) 

where L\ is the Levy-type operator with kernel k\{x,y) := k 2 (x + h,y) — k 2 (x,y). 
By the assumptions on the kernel, 



sup \yr +a '\k 2 h (x,y)\+ [ \\k 2 h (.,y)l 

x£R",\y\<l J\v\>l 



,dy<C\h\> 



uniformly in h G M. n . Therefore using (12.111) with L 2 replaced by holds for L\ and 
k 2 replaced by k\ we conclude 



\Ll(T h U)\\ L oo( R n} < C\h\ S \\u\\ C c."r R n 



Hence, using the inequality above, (I2.12J) . and (|2.11l) . we conclude 

||A/ l (L 2 -u)|| L cx ) ( R n) < C ( \\A h u\\ ea " ^ + |/i| S |M|cv*»( R n) J < C'^ S ||^||c = + ""(R«)) 



where we have used || Ahu\\ Ca "m n \ < C\h\ s \\u\\ es + a "f K ny The latter inequality can be 
easily proved by first proving the cases s — 0, 1 and then using interpolation. Hence 
L 2 : C s+a "(R n ) — > C s (W n ). 

Secondly, if < a < 1, then the proof above is easily modified using 

\u(x + y)- u(x)\ < C\\u\\ Cs/{Rn) \y\ s ' , \y\ < 1, 
for u G C s '(R n ) and s' G (0, 1) instead of (l2~TH . 

It remains to consider the case < a' < 1 < a. Using ()2.1fl|) with s' — s + a" G (1, 2) 
we conclude as before 



\L 2 u\ 



L°°(R") 

> dy I ll' u llc a + a "(K n ) (2-13) 



< C\ sup \y\ n+a '\k 2 (x,y)\+ f \\k 2 (., 

\ ajeK"-,|y|<l ^|y|>i 



with a constant C independent of k 2 . We use again (|2.12l) . The second term can be 
estimated in the same manner as before to obtain 

ll-^h( T /i' u )IU 00 (IR n ) ^ C|^ril M llc s + Q "(IR' 1 )- 

But the first term in (|2.12j) has to be estimated differently: Using (|2.10j) with u 
replaced by AhU, we have on one hand 

\A h u(x + y) - A h u(x) - y ■ VA h u(x)\ 
< C\\A h u\\ cs+a „ (w , n) \y\ s+a " < C'\\u\\ C s+ a " {Rn) \y\ s+a " , \y\ < 1. 



2.3 Application to the Resolvent Equations 15 

On the other hand 

\A h u(x + y) - A h u(x) - y ■ VA h u(x)\ 

< c||A /i «|| C ficR n )|y| < c "l?/ll^l s+a " -1 ll w llc'>+«"(K«)» M> \ h \ - L 

Interpolation of both inequalities yields 

\A h u(x + y)- A h u(x) - y ■ VA h u(x)\ < C|/i| s |?/| a "||w|| Cs+a » (Rn) 
uniformly in \y\ < 1. With this inequality 

\\L 2 A h u\\ L oo^ R n) < C|/i| S ||M|| CS+a "( a „), \h\ < 1, 

is proved in the same way as before. 

Finally, if / G C °°(M n ), one easily proves L 2 f G C S (M") with the aid of Proposi- 
tion O and ((EH). ■ 

For the principal part L 1 , we use 

u(x + y)- u(x) - y • Vn(x) = [(e** - 1 - i£ • y) u(0] , 

u(x + y)- u(x) = [(e** - 1) 6(0] • 

Hence L 1 can be represented as a pseudodifferential operator 

L x u(x) = [ e ix <p{x^)u{i)d^ 

where 

p(x,0-= [ {e iy -t-l-it-y)k 1 (x,y)dy if«e[l,2), 
it™ 

p(x,0-= [ (e Ly< -l)k 1 (x,y)dy if a G (0,1). 

Jm. n 

The following lemma shows that p is a symbol in the class studied above. 

Lemma 2.13 Let k\ : W 1 x W 1 — > M be N -times differentiable w.r.t the second vari- 
able satisfying 

\\dPk x {. } y)\\ c , m <C\y\- n - a -W (2.14) 

for all < \y\ < 2 and < iV and = for \y\ > 2. T/jen p G 

C T 5" JV (IR n ; M n ) where p is defined as above. 
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Proof: We denote f(s) = e is - 1 - is, s G R, if a G [1, 2) and f(s) =e is -l,se 
if a G (0, 1). Let 7, (3 G N£ with m = | 7 | = < JV. Then 



3? (r/(v • 0) = K^ m (y • 0) = ^ (5^(2/ • 0) = ^ 7 (i^/Cy • 0) 

where F m denotes the m-th primitive of /. Therefore 

d^(Cp(x,0) = ! dl(yPf(y0)h(x,y)dy 

= (-l) m / yPf(y0d y yh&y)dy 

Jm. n 



Hence 



C T (R n ) 



< ciei a , 





x: 


3 


Z 


— n— a— m 


1 + 


Z 


3 


\Z\ 



where j = 2 if a > 1 and j = 1 else. Since /?, 7 G Nq with \j3\ = \j\ < N are 
arbitrary, this implies 



for all 



C T (R n ) 

| 7 | < -ZV, which is easy to prove by induction. Hence 



a-\/3\ 



since 7 6 N[J with | 7 | = is arbitrary. 



Hence (II. 3j) . Lemma 12.131 Theorem 12.61 and Corollary 12 . 1 01 imply that 
for all < s < r. Moreover, (|1.4j) implies 

-Rep(x,£)= / (1-cosy ■0h(x,y)dy> c [ (1 - cosy ■ 0\y\~ n ~ a dy > C\^\ a 

JM. n JB 2 (0) 

for all |f| > 1 and -Rep(x,0 > for all f G M n . Since |p(i,0l < C<0 a > we 
conclude that 

llmp(x,0 



Rep(x, £) 



< M 



2.3 Application to the Resolvent Equations 
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uniformly in |£| > 1. Thus p(x, £) G C \ for 5 := n — arctanM > | and for all 

lei > i- " 

Hence, we can define 

q x (y,0 := (A - p(y, y,£ € M n , A G |A| > i2, 

for < 5' < 5 and i? > sup^^n m k1 \p(x,£)\. 

Since p G C r ^ 0;JV (M n ; M"), we have g A G ^5^(1";!"). More precisely, the 
following lemma holds: 

Lemma 2.14 Let q\, 5 be defined as above and A G E^ where 5' G (0, 5) is arbitrary. 
Then there is some R > s?ic/i i/mi g A G C t S^[q. n for all A G with |A| > i?. 
Moreover, for each a' G [0, a] 

IkAlUw < ^(l + lAl)"^ 

° °l,0;iV 

uniformly in A G E^/ witt |A| > i?. 

Proof: First of all, by a simple geometric observation 

| A — z\ > c$i max{|A|, \ z\} if A G E 5 /, z G C \ E5 

provided that < 5' < 5. As seen above p(x, £) G C \ E5 for |£| > 1 and some 8 > ~ 
and \p{x,£)\ > c\£\ a for |f| > I. Hence 

|A-p(x,OI ><*max{|A|,|OT (2-15) 

for all |£| > 1 and A G E^ with < 5' < 5 arbitrary. Moreover, since |p(x,£)| < C 
for all |£| < 1 and x G IR n , we conclude that flZHfl holds for all (Gi" and A G E 5 / 
with |A| > i? for some R > sufficiently large. Using this, p G C T S* . N (R n ; R n ), 
and the chain rule, one derives in a straight-forward manner that 

ii^a(.,oiIc W < ^'lif^p ^ ^iA|-^(e)~ Q '- |/?l 

uniformly in £ G M n and A G S^, |A| > i? > and for all < iV, which proves the 
statement. ■ 



Application of Theorem 12.61 Corollary 12.101 and the lemma above gives: 



18 
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Corollary 2.15 Let q x , 5,5' be as above and let < s < r. Then q x (D x , x) : Cp(IR n ) — » 
CQ +a (R n ) is a bounded linear operator, which satisfies 

\\q\(D x , x)\\ c{c , {Rn) C s+ a ' {Rn)) < C S '\X\ ~ for all A G E S ', |A| > R, 
for all < a' < a with some sufficiently large R > 0. 

Now we are in the position to prove the following key lemma. 
Lemma 2.16 Let q\, 5, 5' be as above and let < s < r. Then 

(A - p(x, D x ))q x (D x , x) = I - R\ 

with 

\\R\\\c(C%(R n )) < Cs'\X\ 6 

uniformly in A £ Ej/ with |A| > M for sufficiently large M > and some e > 
depending on s,t. 

Proof: First of all, for each / e C °°(M ra ), q x (D x ,x)f E C s ' +a (R n ) with s < s' < r. 
We conclude 

AT 

Y,fA D ^ D ^x)f ^ q x {D x1 x)f inC s+a (R n ) as iV -> oo. 

Therefore 

oo oo 

q\(D x ,x)f = ^ipj(D x )qx(D x ,x)f = ^q x , j (D x ,x)f 

3=0 j=0 

where q X j(^y) = Qx^,y)^j(0- Hence 

oo 

(\-p(x,D x ))q x (D x ,x)f = ^2(X-p(x,D x ))q x>j (D x ,x)f 

j=o 

oo 

where a AJ (a;,2/,£) = a A (x, f, y)(pj(£) and 

A — p(X) £1 
A-p(y,C) 

Using Lemma 12.141 we conclude 

||aA|L TS c-a' < C|b||c?rSf .„||gA|| f7 rc-a 1 ' < Cj/(l + |A|) _ ^. 



2.3 Application to the Resolvent Equations 
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Since d\(x, £, x) = 0, we can use Proposition 12. 1 II to conclude that 

oo 

a x (x, D x , x) =22 a A,i(x, D x , x) 

j=0 

is well-defined as limit in £(Cg(]R n )) and satisfies 

a — a' 

\\a\(x, D x ,x)\\c(c«(Rn)) < C\\a x \\ rTqa - a > < C S >(1 + |A|) ~ 

u ° J 1,0;N 

for each < a' < a with a' < r — s. ■ 



Recall that an unbounded operator A: T>(A) CI^I generates an analytic semi- 
group on a Banach space X if and only if A is closed, T>(A) is dense, and there are 
some S > |, u G K., and M > 1 such that (A — A)^ 1 exists for all A G u + Ej and 
satisfies 

Af 

||(A - A) _1 || £(x) < — , for all A G u + £ 5 , (2.16) 

| A — uj\ 

cf. (EazHB|. 

Corollary 2.17 Let < s < r. TTien p(x,D x ) and L generate an analytic semi- 
group on Q(R n ) with domains V(L) = V(p(x,D x )) = C s+a (R n ). Moreover, if A = 
p(x, D x ) or A = L, then 

||(A - A)' 1 ^^ ^ n)fia+a > ^ n)) < C 5 '\X\ ~ for all A G £<s<, |A| > R, 
for all < a' < a with some sufficiently large R > and some S' > |. 

Proof: By a standard Neumann series argument Lemma 12 . 161 yields that 

(A - p(x, Ac)) -1 : C *(M n ) - C S+Q (M") 

exists for all A G Ey with |A| > i? for some i? > and satisfies 

|| (A -p(x, Dx)) _1 |U(C5(ir»)) < 211^(^,3;) IU(cg(K")) < C|A| _1 . 

This implies ()2.16|) for a suitable choice of u. Hence p(x, D x ) generates an analytic 
semi-group on Q(R n ) with domain V(p(x, D x )) = C s +a (R n ). 

Similarly, 

(A - L)q x (D x , x) = I-R x + L 2 q x (D x , x), 

where 

a — a" 

\\L q\(D x ,x)\\c(c°(R n )) < ClkA^^^II^^^+o"^)) < C s ,s', a "\M ~ 
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uniformly in A G Ey, |A| > R, with arbitrary a' < a" < a. Thus the same arguments 
as before show that L generates an analytic semi-group. 

Finally, the uniform estimate of (A — A)~ l easily follows from Corollary 12. 151 ■ 

Proof of Theorem II. 11 Because of Corollary 12.171 well-known results from semi- 
group theory imply the existence of a unique classical solution u G C 1,0 ([O, T]; CQ(M n ))n 
C e ([0,T];£>(L)) of ifTSjl -lfTQ jl . cf. |Paz831 Chapter 4, Theorem 3.5]. Finally, since 
(A - L)' 1 : C^iW 1 ) — > CQ +a (R n ) is a bounded operator for A = R, the graph norm 
on T>(L), i.e., ||"u||c s + ||-^ M lle s j is equivalent to the norm of C s+a (M. n ). That u in- 
herits the non-negativity from / is easily established using the maximum principle. ■ 



3 The Martingale Problem 

The standard reference for the martingale problem for diffusion operators is [SV79J. 
Since the paths of jump processes are not continuous by nature we have to set 
up the martingale problem for the path space £>([0, oo); W 1 ) of all cadlag paths. 
Good sources for this space are [BilQ2|, |EK8 6J. [JS03J, the first edition |IBil68j is 
sufficient for many purposes. The standard reference for the martingale problem on 
P([0,oo);M n ) is [EKHni- 

We denote by £>([0, oo); W 1 ) the set of all functions u : [0, oo) — > M. n satisfying for all 
t > 

lim uj(s) = u(t) , 3cu(t—) = lim (j(s) . 

s— >t+ s—>t— 

A basic fact about X'QO, oo); M n ) is that any u> G ^([0, oo); R n ) has at most countably 
many points of discontinuity. As on the space of continuous functions the mapping 
d uc defined by 

d uc (ui,u 2 ) = ^2~ fc min {l,sup \coi{t) - w 2 (t)|} 

fceN l - k 

defines a metric. The space (^([0, oo); R n ), d uc ) is a complete metric space but, 
different from the case of continuous functions, it is not separable. To see this, 
consider 

M := \u s G P([0, oo); R n ); u s {t) = ![,,«) (*), s G [0, 1)} . 

There cannot be a countable dense subset A to the uncountable set M since d uc (u) s , uj t ) = 
\ as along as s ^ t. The set A would need to be uncountable right away. 
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Nevertheless, there exists a metrizable topology on T>([0, oo); IR n ) such that it be- 
comes a complete, separable metric space. We summarize the main results on this 
space in the following theorem. Since the space V([0, oo); W n ) is not too well known 
among analysts we include many details in this theorem. It is almost identical to 
Theorem VI. 1.14 in [JS03] . 

Theorem 3.1 (1) There exists a metrizable topology on T>([0, oo); M. n ), called the 
Skohorod topology for which the space is complete and separable. Denote the metric 
by d. Then d(u n ,uj) — > is equivalent to the existence of a sequence of strictly 
increasing functions X n : [0, oo) — > [0,oo) ; satisfying A n (0) = 0,\ n (t) /* oo for 
t — > oo and at the same time 

{sup |A n (s) — s| — ^ as n — ► oo , 
^sup \u n (X n (s)) — u(s)\ — >• as n — > oo J VI; G N. 

(2) A set M C T>([0, oo); M n ) is relatively compact for the Skohorod topology if and 
only if 

{sup sup \uj(s)\ < oo VA; G N , 
lim sup Jk(u,p) = VfceN. 

where 7^(0;, i) is a generalized modulus of continuity, defined via 

?fk(v,p) = inf <^ max7(w; : = t < . . . < t L = k, inf (U - U-i) > p \ , 

K i<L i<L ) 

where 7(0;; I) is the usual modulus of continuity for 00 on the interval /cR. 

(3) For given t > let us denote by U t the projection T>([0, 00); IR n ) — > M. n ,uJ 1— >■ 
u(t) = U t {uj). With this notation the Borel a -field £>(£>( [0, 00); M n ) , d) equals a (Tit, t > 

o). r 

(4) The vector space (T>([0, 00); R n ), d) is not a topological vector space since addition 
of two elements is not continuous with respect to this topology. 

A stochastic process X with paths in T>([0, 00); IR n ) can be interpreted as a random 
variable 

X: (fi,.F,P) ->£>([(), 00); UT) 

with Xt(u)) = u)(t) where (ft, J 7 , P) is an abstract probability space. Given a family 
(X a ) a£ A of such processes we say that (X a ) ae ^ is relatively compact if the family 
(Px a )aeA °f image measures Px a = P (X )^ 1 is relatively compact which, due to 
Prokhorov's theorem, amounts to saying that {Px a )aeA is tight. 
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Usually, well-posedness of the martingale problem is much harder to be proved than 
mere solvability. A key feature that we use in order to show uniqueness of the 
solutions is formulated in the following lemma. It says that finite-dimensional dis- 
tributions form a convergence determining class, see Theorem 3.7.8. in [EK86J. 

Lemma 3.2 Suppose that (X n ) neN is a family of stochastic processes X n : (Q, J 7 , P) - 
£>([0, oo); M n ) such as X and there is a dense subset J C [0, oo) such that 

{x n {t l ),...x n {t N )) A (x{t 1 ),...x(t N )) 

or, equivalents P( x „ (tl)) ... x „ (tjv) ) - P ( x(<l) ,... x(tjv) ) weakl V 

for all finite subsets {ti, . . . ,£tv} C J. Then X n =4- X or, equivalently Px n —* Px 
weakly. 

The situation turns out to be even better for solutions to the martingale problem. 
The following universal result says that even one-dimensional distributions determine 
the measure provided they agree for all initial distributions ^, see Theorem 4.4.2 in 

HEHHj. 

Lemma 3.3 Consider the linear operator (L,D(L)) with L defined as in (ji.ij) . As- 
sume that for any initial distribution /i and any two corresponding solutions P M , Q M 
to the martingale problem 

Pn t = Qn, Vt>0, 

then there exists at most one solution to the martingale problem for any initial dis- 
tribution /i. 

The key to the proof is to show that regular conditional probabilities solve the 
martingale problem. Finally, we can prove Theorem 11.21 

Proof of Theorem 11.2b The existence of a solution P M for a given distribution /i 
on M. n has been established by several authors, see Theorem 2.2 in |Str75| . Theorem 
IX. 2. 31 in |.TS03| and Theorem 3.2 in |Hoh94| . Thus, we concentrate on the question 
of uniqueness. Uniqueness follows from solvability of the deterministic parabolic 
equation This is the strategy worked out in |SV79j for the case of diffusions. 

We show how it works in our situation. 

Assume that there are two solutions P M , Q M to the martingale problem for a given 
distribution fx. A key step is to show that, for any T > the stochastic process 
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M = (M t ) 

te[o,T] defined via 



t 

(— + L)v(s,U s )ds 



(3.1) 



is a P^-martingale and thus also a Q M -martingale for any function v G C 1,0 ([O, T]; (^(M™)) 
n C e ([ 0,r];C g +Q (R w )) with s,9 E (0, 1). This is proved exactly as in Theorem 4.2.1. 
(ii) of |SV79] . There is no need to have second spatial derivatives of u since L is an 
integro-differential operator of order a. 



The main result follows once the following equality 




is established for any T > and any choice of <p e C °°((0,T)), ip e C£°(R n ). 
Here, E Ff « and E<qm denote the expectation with respect to P M and Q M respectively. 
Equality (|3.2j) proves the equality of one-dimensional distributions, i.e. Pjt = 
for all t > 0, which in light of Lemma 13.31 proves the desired uniqueness result. 
Equality (I3.2JI is proved as follows. 

Setting f(t,x) = <f>(t)ij)(x), Theorem 11.11 proves that there is a function v belonging 
to C a '"([0,T];Cg(R n )) n C e ([0,T};C s +a (R n )) and solving 

d t v + Lv = f in(0,T)xM n , 
v(T, •) = in R n . 

Thus 

T T 

- J 0(s)E F m (^(n s )) ds = — Epn J f(s, n s ) ds = Epn (M T ) = E P m (M ) 



= Ep*(«(0,n o )) = J f(0,n H)P M (d^) = J v(0,x)n(dx) . 



•D([0,oo);R") 



Since the same line with the same right-hand side holds true when P M is replaced by 
(Q^ equality (13.21) is established. The theorem is proved. ■ 
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